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We study the quantum interferene eets indued by the Aharonov-Casher phase in a ring
struture in a two-dimensional heavy hole (HH) system with spin-orbit interation realizable in
narrow asymmetri quantum wells. The inuene of the spin-orbit interation strength on the
transport is analytially investigated. These analytial results allow us to explain the interferene
eets as a signature of the Aharonov-Casher Berry phases. Unlike the previous studies on the
eletron two-dimensional Rashba systems, we nd that the frequeny of ondutane modulations
as a funtion of the spin-orbit strength is not onstant but inreases for larger spin-orbit splittings.
In the limit of thin hannel rings (width smaller than Fermi wavelength), we nd that the spin-orbit
splitting an be greatly inreased due to the quantization in the radial diretion. We also study the
inuene of magneti eld onsidering both limits of small and large Zeeman splittings.
PACS numbers: 73.23.-b, 03.65.Vf, 71.70.Ej
Partiles propagating through a oherent nanosale de-
vie aquire a quantum geometri phase whih an have
important physial onsequenes. This geometri phase,
known as Berry phase,
1
is aquired through the adiabati
motion of a quantum partile in the system's parameter
spae and an have strong eets on the transport prop-
erties due to self-interferene eets of the quasipartiles
when moving in yli motion. Its generalization to non-
adiabati motion is known as the Aharonov-Anandan
phase.
2
A lassial example of suh geometri phases is
the Aharonov-Bohm phase aquired by a partile going
around a loop in the presene of a magneti ux. An im-
portant orollary to this phase is the Aharonov-Casher
(AC) phase arising from the propagation of an eletron
in the presene of spin-orbit oupling.
3
This novel ef-
fet has attrated strong interest within the spintroni
researh ommunity whih fouses, among other things,
on spin-dependent ontrol through eletrial means.
4,5
Spintronis has made its way into many nihe teh-
nologial appliations, e.g. magneti memories or
MRAM's,
6
using eets that take plae in metals. How-
ever, the majority of modern eletroni devies are based
on semiondutors and more appliations will be pos-
sible when semiondutor devies an employ the spin
degree of freedom as another funtional variable in om-
putational proessing. The eets of the AC phase on
transport through semionduting ring-strutures an be
tested in two dimensional gas onned to an asymmet-
ri potential well. Suh strutures enable an all eletri-
al ontrol of the spins via the Rashba spin-orbit inter-
ation by hanging the gate voltage.
7,8,9,10,11
This spin-
interferene in a semiondutor ring (see Fig. 1) has been
proposed as a way to ontrol spin-polarized urrents
12,21
and as a spin-lter.
13
Signatures of the Aharonov-Casher
eet have already been experimentally deteted,
14,15,16
and more theoretial
17
and experimental
18
studies have
beome available reently.
Figure 1: (Color online.) One hannel ring of radius r0 sub-
jet to spin-orbit oupling in the presene of an additional
magneti eld B0. Eletron (hole) spin travelling around the
ring aquires phase due to the applied out-of-plane magneti
eld (gray arrow) and the spin-orbit in-plane magneti eld
(momentum dependent, green full-line arrows for holes and
dashed line arrows for eletrons) aused by the spin-orbit in-
teration. The spin-orbit in-pane magneti eld is dierent
for holes and eletrons.
Spin-interferene relies on the spin-splitting and, as a
result, the devies with stronger spin-splitting an pro-
vide more ontrol over the spin. Quantum wells with
the spin-orbit interation proportional to the ube of
the momentum (e.g. with a heavy hole (HH) band)
19
show, in general, larger spin-orbit splittings. We study
here the behavior of the narrow ring in the presene of
this ubi spin-orbit interation. The analysis of reent
experiments
15,18
shows that the ondutane modula-
tions have larger frequeny of osillations ompared to
the expeted one from a single hannel analysis due to
Aharonov-Casher eet and it is within a linear-Rashba
2multi hannel ondutane analysis that agreement is
reahed.
15
In this paper, we analyze whether the larger
frequeny an be a result of the ubi spin-orbit inter-
ation in a single hannel mode. First, we develop a
theoretial approah based on the assumption of perfet
oupling between leads and the ring. This approah en-
ables us to analytially alulate the Aharonov-Casher
modulations of the ondutane as a funtion of the spin-
orbit splitting. By introduing an external magneti
eld, we also alulate the ombined Aharonov-Casher
and Aharonov-Bohm ondutane modulations. Finally,
we study the inuene of the Zeeman splitting on the
ondutane.
The 2D Hamiltonian for a single heavy hole (HH) in
the presene of spin-orbit interation and a magneti eld
is given by
H2D =
1
2m∗
Π2+
1
2
gµBB ·σ+ α
~
(σ+Π
3
−−σ−Π3+)+V (r),
(1)
where g is the gyromagneti ratio, µB is the Bohr mag-
neton, σ is the vetor of the Pauli spin matries, Π =
p + (e/c)A, Π± = Πx ± iΠy, σ± = σx ± iσy and
B = ▽ × A. The eletrostati potential V (r) denes,
e.g., the lateral onning potential of a 2D ballisti on-
dutor whih denes the ring struture. One an obtain
the one dimensional (1D) Hamiltonian of a heavy hole
in a ring following the proedure desribed in Appendix,
also outlined in Ref. 20:
Hˆ(Φ) =
~ω0
2
(
∂˜ϕ
)2
+
~ωB
2
σz+
~ωR
4
(
2(cos 3ϕσx + sin 3ϕσy)
(
∂˜ϕ
)3
+i3(cos 3ϕσy − sin 3ϕσx)
[
3r20
w2
+ 1 + 3
(
∂˜ϕ
)2]
+ (cos 3ϕσx + sin 3ϕσy)
[
6r20
w2
− 7
]
∂˜ϕ
)
(2)
where ∂˜ϕ =
(
i ∂∂ϕ +Φ
)
, r0 is the radius of the ring, w
is the half width of the ring hannel, ω0 =
~
mr20
, ωB =
gµBBz
~
, ωR =
2α
~r30
, Φ =
pir20B
hc/e
. Here we follow the
notation of Ref. 12 for easier omparison. Note that
the Hamiltonian Eq. (2) is Hermitian sine the original
Hamiltonian used in Appendix is Hermitian.
The general form of an eigen state of the Hamiltonian
Eq. (2) reads:
Ψn(ϕ) = e
inϕ
(
χ1
χ2e
i3ϕ
)
,
where the onstants χ1(2) do not depend on the angle ϕ.
By diagonalizing the orresponding matrix equation for
χ1(2), we an obtain the eigenenergies and eigenstates.
The omplete expressions for the eigenstates and their
eigenenergies are too umbersome to be reprodued here,
we thus present analytial results for the two most impor-
tant limits; (i) thin hannel rings with kFw < 1, and (ii)
thik hannel rings, kFw > 1, with small Fermi length
ompared to the radius, kF r0 ≫ 1 (this limit is usually
realized in experiments).
15,18
In ase (i) of a ring with a
very thin hannel, the Hamiltonian simplies to:
Hˆ(Φ) =
~ω0
2
(
∂˜ϕ
)2
+
~ωB
2
σz +
~ωR
2
3r20
w2
×
(
(cos 3ϕσx + sin 3ϕσy)∂˜ϕ +
3i
2
(cos 3ϕσy − sin 3ϕσx)
) ,
(3)
with (non-normalized) eigenstates and eigenenergies:
Ψn(ϕ) = e
inϕ
 3 + 2n− 2Φ +
2
3
h± λ
Qt(3 + 2n− 2Φ)
ei3ϕ
 , (4)
En =
~ω0
4
(
(3 + 2n− 2Φ)2/2 + 9
2
± 3λ
)
, (5)
where
λ =
√
4
9
h2 +
8
3
h(Φ− n− 3
2
) + (1 +Q2t )(3 + 2n− 2Φ)2,
with Qt =
r20
w2
ωR
ω0
and h = ωB/ω0. We note however
that this limit has not been ahieved yet experimentally,
e.g. wkF ∼ 30, although perhaps an eetively narrower
hannel may be present in some experiments due to ir-
regularities in the ring.
Throughout this paper, we only onsider the lowest
transverse mode, whih should be suient for answering
the question of whether the larger frequeny of ondu-
tane osillations an be a result of the ubi spin-orbit
interation. Thus, in the more experimentally relevant
limit (ii), the largest terms in the Hamiltonian Eq. (2)
an be aptured by xing the radial oordinate in Eq.
(A1) to the average value 〈R0(r)| r |R0(r)〉 = r0, as it
was done in Ref. 8, and onsequently symmetrizing it
(to make it Hermitian) by the following proedure:
Hˆherm = (Hˆ + Hˆ
†)/2 = ~ω02
(
∂˜ϕ
)2
+
~ωB
2
σz
+
~ωR
4
{
(cos 3ϕσx + sin 3ϕσy),
(
∂˜ϕ
)3}
+i
3~ωR
2
[
(cos 3ϕσy − sin 3ϕσx),
(
∂˜ϕ
)2]
+2~ωR
{
(cos 3ϕσx + sin 3ϕσy),
(
∂˜ϕ
)} (6)
where {...} and [...] mean ommutator and antiommu-
tator respetively. Note that in the ase of the Rashba
Hamiltonian onsidered in Ref. 20 there is no dierene
between suh symmetrization and the perturbative pro-
edure.
3The (non-normalized) eigenstates of the Hamiltonian
Eq. (6) are:
Ψn(ϕ) = e
inϕ

√
12m+ 13 +
2
3
h± λ
mQ
√
12m+ 13
ei3ϕ
 (7)
where
λ =
√
4
9
h2 +
8
3
h(Φ− n− 3
2
) + (12m+ 13)(1 +m2Q2),
and m = n2/3 + n − 1/3 + Φ(Φ− 2n− 3)/3 and Q =
ωR/ω0. The assoiated eigenenergies read:
En = ~ω0 (6m+ 11± 3λ) /4. (8)
Note that in general, the Hamiltonian Eq. (6) gives
six eigenstates for a xed Fermi energy (EF = En).
In the limit △ ≪ EF (where △ is the energy of spin-
orbit splitting and EF is the Fermi energy); however,
two of the six states have muh larger number n, and
orrespond to the unphysial situation when the ubi
spin-orbit oupling term dominates the spetrum reat-
ing an unphysial downturn in the spetrum, whih is
truly not present. Hene, these two states are ignored
on the basis of this physial reason, i.e. they do not
exists in the physial system. It is onvenient to de-
sribe the four onduting states by inreasing real num-
bers n1− ≤ n2− ≤ n2+ ≤ n1+, solutions of the equation
EF = En (see Eqs. (5,8)).
We onsider a ring symmetrially oupled to two on-
tat leads in order to study the transport properties of
the system subjet to a low bias voltage in the linear
regime. To this end, we alulate the zero-temperature
ondutane G based on the Landauer formula:
G =
e2
h
M∑
ν′,ν=1
Tν′ν , (9)
where labels ν and ν′ number the hannel and spin. We
assume perfet oupling between leads and ring (i.e.,
fully transparent ontats), negleting baksattering ef-
fets leading to resonanes. In this approximation, the
inoming spin |σ〉 propagates oherently along the four
available hannels, leaving the ring in a mixed spin state
|σout〉 =
∑
i=1,2;s=± 〈Ψnis(0) |σ〉 |Ψnis(pi)〉. The spin-
resolved transmission probabilities an be obtained by
use of a omplete basis of inoming |σ〉 and outgoing |σ′〉
spin states,
G =
e2
h
∑
σ′σ
| 〈σ′ |σ〉 |2. (10)
In suiently large rings, kF r0 ≫ 1 (e.g. 1/kF ∼ 4nm
in a HgTe QW with a heavy hole band)
19
, the Zeeman
splitting for the magneti elds onsidered is small om-
pared to other important energy sales. Summing over
all spin-states in Eq. (10) and disregarding the Zeeman
term in Eq. (6), we obtain the ondutane:
G =
e2
h
[
1− cos[pi(n1+ − n2+)]
(
(A− 1)
2
+
(A+ 1)
2
cos[2piΦ]
)]
(11)
where A = 1 in the limit (i) and A =
1 +m1m2Q
2√
1 +m21Q
2
√
1 +m22Q
2
in the limit (ii), (n1+ − n2+)
is the dierene between two roots of Eqs. (5,8), and
m1(2) = n
2
1(2)/3 + n1(2) − 1/3 + Φ(Φ− 2n1(2) − 3)/3.
In the limit (i) of thin hannel rings, we an nd the
dierene between the two roots:
n1+ − n2+ = 3
√
1 +
(
r20
w2
Q
)2
,
whih means that by making the ring hannel thinner
than the Fermi length we an inrease the frequeny of
ondutane osillations by a fator of 3/(kFw)
2
(see Fig.
(2a)). This results from the inrease in the spin-orbit
splitting due to the quantization in the radial diretion.
Experimental realization of thin hannel rings is very dif-
ult and in the rest of the paper we onentrate on the
rings in the limit (ii) when kFw & 1. Although suh rings
should have more than one onduting hannel, we sup-
pose that only one is important. This an be a result of
the resonant transmission of this hannel, or inoherent
transport through the other hannels.
In the experimentally relevant limit (ii), for not too
large Q, we an approximate (n1+−n2+) in Eq. (11) as:
n1+ − n2+ ≈ 3 + 2
3
(NF (8 +NF )− 2)Q2 (12)
where NF = EF /(~ω0) = (kF r0)
2/2.
When the parameter A = 1, Eq. (11) is also valid
for an eletron ring onsidered in Ref. 12. This an
be obtained by using Eq. (10) and eletron Hamil-
tonian onsidered in Ref. 12. For the Rashba ring,
the dierene between roots an be alulated exatly
n1+ − n2+ =
√
1 +Q2e and Qe =
2mαer0
~2
(αe is the
Rashba oupling parameter that diers from the one used
in Eq. (1)). When the spin-orbit splittings in the hole
(∆/EF ∼
√
2NFQ) and eletron (∆e/EF ∼ Qe/
√
2NF )
systems math, we an write Qe ∼ 2NFQ. Therefore, the
ondutane osillations as a funtion of spin-orbit split-
ting for the eletron and hole systems have omparable
periods (see Figs. 2 and 3)). The period of the hole sys-
tem has a tendeny to beome shorter as the spin-orbit
splitting beomes larger (see Fig. 2) whih is not the
ase for Rashba rings. Notably, a hole (eletron) does
not develop suient phase dierene in the ase when
the ring radius is small ompared to the Fermi length,
as it an be seen from Fig. 2. However, as pointed out
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Figure 2: Condutane-modulations in a 1D ring as a fun-
tion of the dimensionless spin-orbit strength QkF r0 (note that
state of the art experimental systems are in a regime where
QkF r0 . 0.1); a) thin heavy hole ring (solid line) is om-
pared to the Rashba ring (dashed line), (kFw)
2 = 1/2; b)
and ) thik heavy hole ring (solid line) is ompared to the
Rashba ring (dashed line).
Figure 3: Condutane-modulations in an 1D ring as a fun-
tion of magneti eld and dimensionless spin-orbit strength
(gate voltage). Left plot orresponds to heavy hole spin-orbit
interation, right plot orresponds to Rashba spin-orbit inter-
ation; r0 = 1µm, 1/kF ∼ 4nm, g = 20 and m
∗ = 0.031m.
Parameters of the left plot orrespond to the experimental
setup in Ref. 15.
before, in realisti systems we always have kF r0 ≫ 1
(1/kF ∼ 4nm for a HgTe QW with a heavy hole band).19
In Fig. 3, we plot the ondutane osillations in the
HH ring (left plot) ompared to the Rashba ring (right
plot) as a funtion of the external magneti eld. Here
the small g-fator of the eletron system is assumed to
be the same as for the hole system for easier ompari-
son. Where as in the eld diretion there is not a large
dierene in the ondutane utuations, the hanging
osillation frequeny of the hole system beomes more
obvious as ompared to the eletron system.
 0
 1
 2
G
 [e
2 /h
]
B (mT)
 0  5  10
 0
 0.05
 0.1
B (mT)
∆ 
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F
 0  5  10
 0
 0.05
 0.1
∆ 
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F
Figure 4: Condutane-modulations in an 1D ring as a fun-
tion of magneti eld and dimensionless spin-orbit strength
(gate voltage) with enhaned Zeeman splitting (multiplied by
103). Left plot orresponds to heavy hole spin-orbit intera-
tion, right plot orresponds to Rashba spin-orbit interation;
r0 = 1µm, 1/kF ∼ 4nm, g = 20 and m
∗ = 0.031m. Param-
eters of the left plot ould orrespond to the experimental
setup in Ref. 15 with the magneti eld (range 1 − 10 T)
applied under some small angle.
We next take into aount the Zeeman splitting as a
rst order orretion. The perturbed eigenenergies be-
ome:
En =
~ω0
4
(
6m+ 11± 3
√
(12m+ 13)(1 +m2Q2)
)
∓ h sign(n)
2
√
1 +m2Q2
. (13)
where h = ωB/ω0, sign is the sign funtion. To the rst
order in the spin-orbit interation and Zeeman splitting,
Eq. (11) an still desribe the ondutane after the fol-
lowing substitution:
n1+ − n2+ → n1+ − n2+ + h√
1 + m¯2Q2
/
(
∂En
∂n
)
≈ n1+ − n2+ − h
n¯
√
1 + m¯2Q2
, (14)
where n¯ is the average of n1+ and n2+ and m¯(n¯) is dened
the same way as in Eq. (7). For small Zeeman splittings
(h/n ≪ 1), whih holds for realisti rings, the ondu-
tane is well desribed by Eq. (11) and the hessboard
pattern in Fig. 2.
We present the results of alulations for larger Zee-
man splittings (h/n ∼ 1) in Fig. 4. The analytial ex-
pressions are too umbersome and we do not reprodue
them here. As one an see, the Zeeman term an sub-
stantially delay the development of Aharonov-Casher os-
illations, espeially for larger magneti elds. In order
to experimentally realize this situation, one may apply
muh larger magneti elds at some angle to the plane
of the ring. Suh proedure diminishes the magneti ux
through the struture, allowing to work at higher mag-
neti elds with muh larger Zeeman splittings.
5Given the fat that for the experiments in Ref. 15
and 18 the experimental systems are in a regime where
QkF r0 . 0.1 and kFw > 1, the frequeny of ondutane
osillation expeted for a single mode (1D) ring are of
similar order for both the hole and eletron systems. We
onlude that the multihannel analysis of the experi-
ments is an important feature for understanding them at
present. The inreasing frequeny of osillation observed
in our alulation, only seen theoretially in the hole gas
systems, will require a strength of doping and onning
eletri eld whih has not been experimentally ahieved
at present.
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Appendix A: DERIVATION OF THE 1D
HAMILTONIAN
In this Appendix, we present the derivation of the 1D
Hamiltonian for the hole ring. In ylindrial oordinates,
with x = r cosφ and y = r sinφ, Eq. (1) reads
Ĥ(r, φ) = − ~2m
(
∂2
∂r2 +
∂
r∂r − 1r2
(
i ∂∂φ +Φ
)2)
+ V (r) + αi
~r3 os[3φ]
(
3r
(
σy − iσxΦ+ σyΦ2
)
∂
∂r − 3r2(σy − iσxΦ) ∂
2
∂r2
+r3σy
∂3
∂r3 − 8σx ∂∂φ − 6iσyΦ ∂∂φ + 9rσx ∂
2
∂φ∂r + 6irσyΦ
∂2
∂φ∂r − 3r2σx ∂
3
∂φ∂r2 + 6σy
∂2
∂φ2 −3rσy ∂
3
∂φ2∂r + iσx
(
i ∂∂φ +Φ
)3)
− αi
~r3 sin[3φ]
(
3r
(
σx + iσyΦ + σxΦ
2
)
∂
∂r − 3r2(σx + iσyΦ) ∂
2
∂r2 + r
3σx
∂3
∂r3 + 8σy
∂
∂φ − 6iσxΦ ∂∂φ − 9rσy ∂
2
∂φ∂r + 6irσxΦ
∂2
∂φ∂r
+3r2σy
∂3
∂φ∂r2 + 6σx
∂2
∂φ2 −3rσx ∂
3
∂φ2∂r − iσy
(
i ∂∂φ +Φ
)3)
(A1)
where Φ is the magneti ux through the ring as a fun-
tion of the radial oordinate, Φ =
pir2B
hc/e
. We employ the
perturbative method used in Ref. 20 by separating the
Hamiltonian Eq. (A1) into the dominant part:
Ĥ0(r, φ) = − ~
2m
(
∂2
∂r2
+
∂
r∂r
− 1
r2
(
i
∂
∂φ
+Φ
)2)
+V (r)
and the remaining perturbation Ĥ1 = Ĥ − Ĥ0. In the
limit w ≪ r0 the solution of the Hamiltonian Ĥ0 an be
found as a degenerate set of states Ψ(r, φ) = R0(r)Φn(φ)
where R0(r) is the lowest radial mode and Φn(φ) is a
spinor funtion of the angle φ. It an be shown that the
degeneray in spin spae an be lifted by diagonalizing
the following Hamiltonian:
Ĥ1D(φ) = 〈R0(r)| Ĥ1 + ~
2mr2
(
i
∂
∂φ
+Φ
)2
|R0(r)〉 ,
whih allows us to nd the desired 1D Hamiltonian.
We use the lowest radial solution found in Ref. 20,
R0(r) =
(
1
wr0
√
pi/2
)1/2
e−(r−r0)
2/w2
, leading to the
following expetation values, 〈R0(r)| ∂∂r |R0(r)〉 =−1/(2r0), 〈R0(r)| ∂r2∂r |R0(r)〉 = 1/(2r0),
〈R0(r)| r2 ∂∂r |R0(r)〉 = −3r0/2, 〈R0(r)| r∂
2
∂r2 |R0(r)〉 =
1/(4r0) − r0/w2, 〈R0(r)| ∂2r∂r2 |R0(r)〉 = −1/(r0w2) and
〈R0(r)| ∂3∂r3 |R0(r)〉 = 3/(2r0w2). The Hermitian 1D
Hamiltonian for the hole ring takes the form of Eq. (2).
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